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Abstract Multiple-point statistics are used to model facies heterogeneities in the
vadose zone of the Komadugu-Yobe River valley (southeastern Niger) which is
presently submitted to an undergoing intensive agricultural development; therefore,
increasing quantitative and qualitative pressures are exerted on groundwater re-
sources. The sand–clay heterogeneities are analyzed by means of a Landsat image
acquired during a high flow period over a 160 km stretch in the downstream part of
the valley and a set of 50 boreholes drilled near the town of Diffa (4 km× 4 km area).
The horizontal variograms of heterogeneities are characterized by a noticeably con-
stant length scale of 380 m and clayey objects are shown to be randomly distributed
in space according to a Poisson process. A set of two-dimensional vertical images
is built based on a Boolean procedure and the Snesim algorithm is used to simu-
late synthetic three-dimensional media. When the vertical correlation length is fitted,
the three-dimensional model satisfactorily reproduces the second order statistics of
heterogeneities and the specific facies patterns.
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1 Introduction

Heterogeneities of hydraulic conductivity K are crucial for modeling flow and solute
transport in natural porous media. Within a single sedimentary facies, K is com-
monly represented as a continuous variable with a log-normal probability density
function (pdf) (Fogg et al. 1998). However, in heterogeneous sedimentary media,
the bounding surface between two facies corresponds to a discontinuity in the K
pdf and the spatial arrangement of discrete geologic structures often constitutes the
most significant heterogeneity for hydrological processes (Feyen and Caers 2006;
Ye and Khaleel 2008). Various techniques are available to model the spatial distri-
bution of stratigraphic material from scarce data. Koltermann and Gorelick (1996)
and de Marsily et al. (2005) summarized the stochastic methods dealing with het-
erogeneities in hydrogeological applications. One of the main advantages of the
stochastic approach is that a set of realistic realizations can be generated and
this may contribute to shed some light on geological uncertainties (Haldorsen and
Damsleth 1990). Numerous stochastic simulation procedures are based on two-
point spatial statistic cross-variograms which are adapted to discontinuous vari-
ables such as sedimentary facies by thresholding continuous geostatistical fields
(de Marsily et al. 2005). These methods, including the sequential indicator (Klise
et al. 2009) or the truncated plurigaussian (Mariethoz et al. 2009), poorly repro-
duce complex geological features such as sinuous paleochannel deposits in flu-
vial reservoirs. In such cases, Boolean object-based techniques (Deutsch and Tran
2002), which consist in randomly dropping objects of given shapes onto a back-
ground, may be more appropriate. However, these object-based methods have sev-
eral drawbacks discussed by Feyen and Caers (2006); for instance, conditioning
is difficult and all object settings cannot be reduced to a few geometrical parame-
ters.

Multiple-point statistics (i.e., statistics based on correlations between more than
two locations in space) are also suitable for complex geological structures (Feyen
and Caers 2006; Ronayne et al. 2008). The approach developed by Strebelle (2002)
uses the single normal equation simulation (Snesim) algorithm; it consists of bor-
rowing the required multiple-point statistics from training images which display the
expected patterns of the geological heterogeneities. Then, these statistics are used to
fill the modeling grid in a sequential simulation mode based on actual data. However,
this method depends in a crucial way on the training images (Strebelle 2002); suffi-
cient geological information should be available on the appropriate scale (Mirowski
et al. 2009). Training images can be constructed in a variety of ways, including out-
crop mapping, conceptual models, unconditional stochastic methods, etc. A library
of three-dimensional training images was recently proposed for fluvial and deepwater
deposits (Pyrcz et al. 2008); however, it is not appropriate for all types of reservoirs
and the most relevant available training images often correspond to two-dimensional
cross sections (Caers 2001). The multiple-point algorithms can be modified to pro-
duce a three-dimensional model from two-dimensional training images, but such an
approach is only suitable for isotropic media (Okabe and Blunt 2005).

This study illustrates the application of the Snesim algorithm to the generation of a
three-dimensional lithofacies model for fluvial deposits of the Komadugu-Yobe River
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alluvium, in southeastern Niger. The paper is organized as follows. In Sections 2
and 3, the Snesim algorithm and the studied area are presented, respectively. In Sec-
tion 4, the spatial structures related to the facies heterogeneities based on both geolog-
ical logs and remote sensing images are analyzed and discussed; then, some hypothe-
ses on the depositional patterns within the alluvium are formulated. In Section 5,
two-dimensional modeling approaches based on these hypotheses are proposed for
vertical cross sections and horizontal planes and an original three-dimensional mod-
eling procedure is developed and assessed.

2 The Snesim Algorithm

The simulation procedure used in the present work is based on multiple-point statis-
tics, applied by means of the single normal equation (Snesim) algorithm developed
by Strebelle (2002) which is part of the SGeMS package (Stanford Geostatisti-
cal Modeling Software) available for downloading at http://sgems.sourceforge.net/.
The basic principles of the Snesim algorithm are recalled below; for a detailed
description, the reader is referred to Strebelle (2002). To infer the state of an at-
tribute considered as a random variable Z (e.g., a facies) at an unsampled node u,
the multiple-point statistics approach consists in using information on a whole
set of neighbors by computing the conditional probability distribution function
(cpdf)

F
(
u; z | (n)

) = Prob
{
Z(u) = z|Z(ui) = zi, i = 1, . . . , n

}
, (1)

where z is the state of Z and (n) a set of n neighbors of u. The notion of a data
event can be introduced in order to characterize the spatial configuration surrounding
the node of interest (Strebelle 2002). A data event dn consists of a data geometry
defined by n vectors {hi, i = 1, . . . , n} comprised in a template τn and the n related
data states z(u + hi) = z(ui) (i = 1, . . . , n). Generally, the template is shaped as an
ellipsoid with semi-axes adjusted to the dimensions of the structures to be reproduced
(Liu 2006).

A training image is scanned for replicates that match the data event dn; the states
of the template central nodes corresponding to these replicates are used to estimate
the cpdf according to the following relationship

F(u; zk | dn) = Prob
{
Z(u) = zk | dn

} = ck(dn)

c(dn)
, (2)

where c(dn) is the number of replicates of the data event dn in the training image and
ck(dn) the number of replicates among the c(dn) previous ones, associated with a
central value Z(u) equal to zk . Thus, the cpdf is calculated directly from the training
image, without the need to model a variogram and solve the kriging equations. The
only conditions are: (i) the training image is representative of the data to be modeled;
and (ii) the repetitive character of the training image is observed often enough to infer
the cpdf (Feyen and Caers 2006). In practice, prior to the simulation, the conditional
probabilities are scanned and stored in a dynamic data structure called the search
tree. Each unsampled node of the model is then visited sequentially and the following

http://sgems.sourceforge.net/
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Fig. 1 (a) Location of the study area in the downstream Komadugu-Yobe valley, close to Lake Chad; and
(b) aerial photograph of the study site between the town of Diffa and the Komadugu-Yobe River, location
of boreholes and corresponding logs (black: clay; white: sand)

operations are performed: (i) the conditioning data actually present are used to define
a data event and the corresponding cpdf is retrieved from the search tree; (ii) the state
of the random variable at the node is simulated using this cpdf; and (iii) this state is
added to the conditioning data for the simulation at the next nodes.

3 Study Area

This work focuses on the downstream valley of the Komadugu-Yobe, a meandering
river that forms part of the border between Niger and Nigeria (Fig. 1(a)). The valley
is one of the main areas of recharge of the unconfined Lake Chad quaternary aquifer
(Leblanc 2002). For the past three decades, the development of large-scale irrigated
cropping within the valley has dramatically modified the aquifer recharge processes
and increased groundwater pollution hazards. The assessment of these changes is a
crucial issue for a sustainable development of the region which can be at least partly
understood by characterizing the sedimentary arrangement in the vadose zone, a key
parameter that controls percolation of water and solutes (Ahmed 2009). The recent
valley landscapes are governed by the migration of the Komadugu-Yobe River result-
ing in heterogeneous sedimentary deposits (Gumnior and Preusser 2007) which occur
for common meandering fluvial systems (Miall 1996). In particular, lateral accretion
of sandy material at the outer bank of the stream and clay settling in oxbow-lakes or
post-avulsion channels generate sand–clay facies heterogeneities with complex, but
specific patterns. The present model deals with the vadose zone of the Komadugu-
Yobe valley with a particular focus on a 4 km × 4 km irrigated intensive cropping area
near the town of Diffa (Niger) which is currently being monitored for hydrological
measurements (Fig. 1(b)).
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Fig. 2 Map of the clayey depositional areas of the Komadugu-Yobe valley from mid-infrared Landsat data
with a zoom highlighting oxbow-lake or abandoned channel patterns (black areas: flooded zone during the
2000–2001 high flow period)

4 Data Analysis

4.1 Available Data

A subset of an orthorectified Landsat ETM+ scene (path: 186, row: 51) covering the
downstream part of the Komadugu–Yobe valley and acquired on November 17, 2000
during a high flow period was retrieved from the available Landsat data base. A sim-
ple density slice classification of the mid-infrared band 5, which is a common and
efficient procedure for locating water bodies (Frazier and Page 2000), was performed
on this subset in order to produce a binary image of flooded areas with 28.5 m spatial
resolution. The water bodies consist of the main Komadugu–Yobe channel which is
a sediment transport setting, and overbank flow areas which are clay settling envi-
ronments. The main channel is removed and the resulting image was consequently
assumed to correspond to a map of present-day clayey depositional environments
(Fig. 2).

At the Diffa study site, 50 boreholes were dug through the vadose zone (0 to 10 m)
using a hydraulic motored auger (Fig. 1(b)). Successive sediment cores were sampled
and logs indicating the prevailing facies (sand or clay) were plotted with 0.4 m reso-
lution. The boreholes were leveled to enable computation of log correlations.

4.2 Method

In order to characterize the horizontal spatial structures related to the main facies
heterogeneities, a variographic analysis of the binary map and of the logs was per-
formed. Variograms are currently used to describe data spatial variability (Garrigues
et al. 2006) and to provide an order of magnitude of the correlation lengths (Le Coz et
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Fig. 3 Definition of spacings
(s) between clayed objects (i)
along a scan line

al. 2009). In practice, experimental variograms are computed on the map of present-
day clayey depositional environments in a 4 km × 4 km moving window focused on
the Komadugu–Yobe valley. Due to high river sinuosity and frequent channel avul-
sions, clayey areas within the meander belt (i.e., windows of less than 5 km) appear
to be nearly randomly oriented (Fig. 2); therefore, an omnidirectional calculation is
performed. Then, the experimental variograms are automatically modeled by fitting
spherical or exponential functions by means of the GSTAT package of R-software
(www.r-project.org). This provides an estimate of the variogram parameters (Chilès
and Delfiner 1999) which include: (i) the nugget, indicative of the uncorrelated noise;
(ii) the range, related to the data correlation lengths; and (iii) the sill, equivalent to
the data variance. The variogram models corresponding to surface deposits are com-
pared to a horizontal experimental variogram computed for deeper sediments from
logs gathered at the Diffa study site; results are presented in Sect. 4.3.

In addition, in order to characterize the spatial arrangement of clayey bodies, the
spacings between successive groups of jointly clayey pixels are analyzed both hori-
zontally and vertically. The following assumptions are made (Sisavath et al. 2004). If
events are Poissonian (i.e., without any spatial correlation), the distribution of spac-
ings between their intersections with a scan line obeys the probability law

prob(s = x) = a × exp
(−x/〈s〉) with s = σ(s), (3)

where x is a possible value for the spacing, a—a proportionality coefficient, 〈s〉 the
mean spacing and σ(s) the spacing standard deviation; the variogram of spacings γs

is constant and equal to σ(s)2

γ s(n) = 1

N(n)
×

N(n)∑

i=1

(si − si+n)
2 = σ(s)2, (4)

where si is the spacing between successive events i and i + 1, si+n the spacing be-
tween successive events i +n and i +n+1, n a natural number and N(n) the number
of pairs (si , si+n) considered (Fig. 3). Numerous scan lines are randomly plotted on
the binary map and the spacings between centers of successive clayey pixel clusters
computed. The distribution and variogram of spacings are examined with respect to
the relations (3) and (4). A similar analysis is performed vertically along the logs.
Results are presented in Sect. 4.3.

http://www.r-project.org
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Fig. 4 Experimental
variograms computed from the
map of the clayey depositional
areas (4 km × 4 km windows)
(gray lines); and corresponding
median variogram (black dotted
line)

4.3 Results

A break in the slope of the experimental variograms (Fig. 4) is observed for lag dis-
tances (h) ranging from 200 to 600 m, which indicates a correlation length of a few
hundred meters. However, for longer h, the experimental variograms increase with-
out reaching a sill. This suggests the existence of spatial structures with length scales
longer than the computing windows. Thus, in order to characterize the shortest cor-
relation length, the variogram modeling was only performed for the shorter lag dis-
tances (h lower than 800 m). The exponential model appears to be the most suitable
when compared to the experimental variograms. For the whole image, the models
show a significant nugget effect which is often of the order from 15 to 30% of the
variance (Fig. 5(a)). Since the data are binary (pixel values = 0 for sand or 1 for clay),
the sill value σ 2 can be linked to the density of clayey pixels pcl over the computing
windows according to equation (Fig. 5(b))

σ 2 = 2 × pcl × (1 − pcl). (5)

This density is noticeably higher in the upstream part of the valley (Fig. 5(c)). Along
the valley, the median range is 375 m with an interquartile range (defined as the range
of the middle 50% of the data) of 185 m; this median range is mainly influenced by
numerous large values (Fig. 5(d)). The variogram calculated from the geological logs
shows two main sills (Fig. 6). The first which is well defined, is associated with 70%
of the variance and is reached at h ≈ 200 m. The second sill, associated with rather
scattered variogram values, corresponds to a range close to 600 m. This experimental
variogram does not show any nugget effect, but it should be noticed that relatively
few data are available for the shortest lag distance. Along the horizontal scan lines,
the distribution of spacings between centers of clayey pixel clusters is well fitted by
(3) for spacings of more than 150 m (Fig. 7(a)). However, below 150 m, theoretical
frequencies are overestimated. Variogram values that do not indicate any increasing
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Fig. 5 (Color online) Properties
of theoretical variograms
(exponential models) computed
from the map of the clayey
depositional areas
(1.5 km × 1.5 km windows):
(a) nugget effect; (b) observed
variance (black line) and
variance computed from (5)
(red squares); (c) clay
proportion; (d) range (the
horizontal scale is the distance
from Lake-Chad measured
along the main
Komadugu–Yobe channel)

Fig. 6 Experimental horizontal
variogram of log data from the
Diffa study site
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Fig. 7 (a) Distribution of spacings between the center of clayey sections computed from the map of the
clayey depositional areas (crosses) and (b) distribution of spacings between the center of clayey layers
detected on the logs (crosses); on (a) and (b), comparison with Poissonian distribution according to (3)
(line)

Table 1 Analysis of spacings between clayey bodies (〈s〉: mean spacing; σ(s)2: variance of spacings;
γ s(n): variogram of spacings)

Direction 〈s〉 (m) σ(s) (m) γs(n)/σ (s)2 Mean clayey

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 section length (m)

Horizontal 564 507 0.97 1.05 0.97 1.07 0.99 1.01 150

Vertical 1.4 0.99 1.2 – – – – – 1.3

or decreasing trends, are close to σ(s)2 (Table 1). Likewise, on the vertical logs, the
distribution of spacings is consistent with (3) except for the shortest value (Fig. 7(b)).
The number of clusters per log (0 to 3) provides at most a single lag distance and
the corresponding variogram value is higher than σ(s)2 (Table 1). In addition, both
horizontally and vertically, the spacing standard deviation σ(s) is respectively 11 and
50% lower than the mean spacing 〈s〉 (Table 1).

4.4 Discussion and Hypotheses

At the scale considered here, the spatial structures of facies heterogeneities on the soil
surface of the Komadugu–Yobe valley are characterized by a single correlation length
from upstream to downstream; this length is close to 380 m and it likely corresponds
to the width of post-avulsion channels (Fig. 2). However, the fact that experimental
variograms do not reach a sill may be due to length scales longer than 2 km, probably
related to larger heterogeneities such as combinations of clay plugs comprising the
meander belt (Allen 1965). In addition, the clay proportion variability may be due
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to changes in the geomorphological setting. For instance, the higher variance values
noted in the upstream portion may be explained by the entrenchment of the valley
floor and consequently by a spatial concentration of river migration features close to
the present-day river channel (Durand 1995). At the Diffa study site, the sediments
sampled within the vadose zone are associated with spatial structures whose correla-
tion lengths are consistent with those observed on soil surface in the valley. This is
an indication that the constant correlation length detected on the soil surface is also
nearly steady during the deposition of the superficial sediments (0–10 m). Therefore,
the spatial structures responsible for facies heterogeneities are assumed to be related
to a single quasi-stationary correlation length, both in space and time. This may corre-
spond to similar depositional features that may not have been affected by the possible
recent geomorphological evolutions of the valley.

For relatively large values (higher than 150 m horizontally and than 1 m verti-
cally), the spacings between clayey pixels clusters are consistent with a Poissonian
spatial distribution of clayey bodies. However, the shortest spacings are underrep-
resented vertically and horizontally and this implies an overestimation of the mean
spacings. This may be explained by the fact that (3) is established for punctual events
(intersections between zero thickness one-dimensional objects) while intersections
between clayey bodies (three-dimensional objects) with a scan line (one-dimensional
object) correspond to segments. Thus, if the spacing between the centers of two suc-
cessive clayey bodies is shorter than the body widths, the bodies intersect and their
spacing cannot be defined (Fig. 3). This explanation is supported by the underesti-
mation of frequencies corresponding to spacings shorter than the mean clayey body
widths which are equal to 150 m horizontally and 1.2 m vertically (Table 1). To sum-
marize, the statistical analysis presented in this section suggests two main hypotheses
about the facies heterogeneities within the Komadugu–Yobe alluvium:

(A) the depositional processes are nearly stationary in both space and time; and
(B) the spatial distribution of clayey bodies is Poissonian.

5 Modeling the Komadugu–Yobe Alluvium

5.1 Two-Dimensional Vertical Cross Sections Model

Within the Komadugu–Yobe alluvium, the distribution of clayey bodies responsible
for heterogeneities is assumed to be Poissonian (Hypothesis B). Therefore, the al-
luvium could be modeled using a Boolean method which consists in (i) generating
germs (i.e., locations for objects) from a Poisson point process characterized by its
intensity; and (ii) introducing objects (here clayey bodies) centered on each germ.
Object properties for size and shape do not depend on their position and are drawn
from probability density functions (pdf) (Vargas-Guzámn and Al-Qassab 2006). On
the horizontal plane, a complex and highly variable geometry of clayey bodies is
difficult to parameterize. However, the Boolean method can be applied to model two-
dimensional vertical cross sections by presuming that clay settling results in near-
tabular deposits and, therefore, in rectangular clayey bodies. The pdf’s associated
with the widths and thicknesses of the rectangles are computed using the lengths of
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Fig. 8 Realization of the
Boolean model of the vertical
cross section of the
Komadugu–Yobe alluvium
(blue: clayey deposits;
white: sandy deposits)

clayey pixel clusters on scan lines and log, respectively (see Sect. 4.2). The Poisson
point process intensity (i.e., the number of objects to be simulated) is deduced from
the deconvolution of the expression (Beucher et al. 2005)

p(y) = 1 − exp
[−(

θ ∗ po

)
(y)

]
, (6)

where p(y) is the clay proportion, θ(y) the Poisson point process intensity and po(y)

the probability that a point y of the space belongs to a clayey body implanted at the
origin (y = 0), deduced from pdf’s of rectangle sizes. The clay proportion is fixed at
40%, as measured on the borehole data at the Diffa study site.

A large set of non-conditional two-dimensional cross sections is simulated (Fig. 8)
and the corresponding median vertical variogram is compared with the vertical vari-
ogram obtained from the log data. In the simulations, the variogram sills and ranges
appear to be consistent with the field values although the nugget effect is underesti-
mated by about 28% (Fig. 9 and Table 2). This may be due, at least in part, to a bias in
the pdf’s of the clayey body dimensions; the lengths of the clayey pixel clusters may
be associated with several merged bodies and consequently, the shortest dimension
frequencies are likely to be underestimated (see Sect. 4.3). Likewise, a comparison
of the median horizontal variogram with the variogram computed from to the map
of clayey depositional environments (see Sect. 4.2) reveals a 28% underestimation
of the nugget effect (Fig. 10 and Table 3). In addition, the range value is slightly
overestimated by about 50 m.

5.2 Two-Dimensional Horizontal Model

In the horizontal plane, the complex and highly variable geometry of clayey bodies
is hard to parameterize. Therefore, the Snesim multiple-point algorithm is applied in
order to model the spatial structures related to the facies heterogeneities. The map of
present-day clayey depositional environments is used to provide a set of 4 km × 4 km
training images that are assumed to be representative of the depositional processes
responsible for these heterogeneities (Hypothesis A). For each simulation, a training
image with a clay proportion in accordance with the log data (i.e., 40 ± 15%) is
randomly selected. The simulated clay proportion is set at 40% by means of a model
parameter; the search template radius is fixed at 800 m which is equal to twice the
median correlation length of the facies heterogeneities (see Section 4.3) in order to
compute the multiple-point statistics over windows which include the entire spatial
structures.

When using multiple-point statistics, one- and two-point statistics should also be
fulfilled. Hence, variograms are computed from 50 non-conditional model realiza-
tions and are compared with those calculated from the map of clayey depositional
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Fig. 9 Experimental vertical
variograms computed from log
data, two-dimensional Boolean
cross sections and
three-dimensional model
vertical sections for different
vertical search template radii
(STR)

Table 2 Properties of vertical
(theoretical) variograms
computed from log data,
two-dimensional Boolean cross
sections and three-dimensional
model; the vertical search
template radius is variable

Vertical search Sill Range Nugget effect

template radius (m) (% variance)

(m)

Log data – 0.48 2.6 21

2D images – 0.48 2.7 15

(median values)

3D simulations 2 0.48 0 100

(median values) 2.5 0.48 2 51

3 0.48 3.1 45

4 0.48 4.4 38

6 0.48 7.7 16

environments (see Section 4.2). Likewise, the exponential model appears to be the
function which best fits the experimental variograms (Fig. 10 and Table 3). However,
for h longer than 400 m, the variograms corresponding to the simulations reach a
well-defined sill of 0.48 which is consistent with a clay proportion of 40%. The me-
dian range calculated through simulations (320 m) is close to the value associated to
the map (375 m) despite a lower variability (interquartile range of 55 m versus 185
m). For the simulations, the nugget effect is significantly higher (49% of the variance
versus 21%).

Multiple-point simulations are likely to reproduce high-order statistics. High-order
cumulants may be used to characterize high-order statistic of a random variable (Dim-
itrakopoulos et al. 2010). The HOSC (High-Order Spatial Cumulants) algorithm is
therefore used to compute the median third-order cumulant maps from both train-
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Fig. 10 Experimental
horizontal variograms computed
from the map of clayey
depositional environments,
two-dimensional Boolean cross
sections and two-dimensional
horizontal model (gray lines:
each of the horizontal model
realizations)

Table 3 Properties of horizontal (theoretical) variograms computed from the map of clayey depositional
environments, two- and three-dimensional models (vertical search template = 3 m; iqr: interquartile range)

Sill Range Nugget effect

(m) (% variance)

Map of clayey depositional env.: 0.35 (0.27) 375 (185) 21 (9)

median values (iqr)

2D Boolean cross-sections: 0.48 420 15

Median value

2D & 3D simulations: 0.48 (0) 320 (55) 49 (8)

median values (iqr)

ing images and Snesim realizations. Both cumulant maps show similar properties
(Fig. 11), which suggests that the heterogeneity patterns are well reproduced in the
simulations (Mustapha and Dimitrakopoulos 2010): (i) an axial symmetry around the
bisector; (ii) a relative stabilization of the cumulant value for length scales comprised
between 200 and 400 m along both the Ox and Oy axes (which is in agreement with
the result provided by the variogram analysis); and (iii) a relative stabilization of
the cumulant value for length scales around 150 m along the bisector. Moreover, the
simulations are visually examined in order to detect inconsistencies. The simulated
clayey bodies are consistent with the field features (Fig. 12). In particular, horseshoe-
shaped clayey lenses related to the oxbow-lake or post-avulsion channel deposits are
reproduced. However, the body outlines are not as clearly defined as in the training
images.
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Fig. 11 Median third-order standard normal cumulant maps computed from (a) 10 training images (por-
tion of the map of clayey depositional environments) used to compute multiple-point statistics and (b) from
10 realizations of the two-dimensional horizontal model

5.3 Three-Dimensional Model

In the vertical direction, the facies of a given node mainly depends on its nearest
neighbors. Accordingly, a three-dimensional representation of the alluvium can be
considered as a superposition of two-dimensional horizontal layers, each one being
more or less related to the ones above or below. Based on this assumption, a procedure
to perform a three-dimensional modeling is suggested. In the first step, multiple-point
statistics are computed by scanning a three-dimensional image made of a vertical
succession of replicates of a single two-dimensional horizontal training image (see
Section 5.2). These statistics summarize the complex structure of heterogeneities in
the horizontal plane; but, vertically, the degree of similarity between two successive
layers is maximized. In the second step, three-dimensional simulations are performed
based on these multiple-point statistics. Actually, in the resulting model, the similarity
between horizontal layers depends on the ratio between horizontal and vertical radii
of the search template. Indeed, the lower this ratio value is, the lower is the vertical
probability of transition in the vertical direction. The procedure is carried out by
means of the Snesim algorithm. The clay proportion is fixed at 40% and the horizontal
search template radius at 800 m as for the two-dimensional horizontal modeling. In
the vertical direction, several template widths involving different degrees of similarity
between horizontal layers are assessed.

The median vertical variogram computed from 50 three-dimensional non-condi-
tional realizations is compared with the one calculated from log data (Fig. 9 and
Table 2). In the simulations, the sill is 0.48 according to the clay proportion of 40%.
The range appears to be strongly correlated with the vertical size of the search tem-
plate (Fig. 13); a radius of 3 m is the most suitable to reproduce the median range
value of 2.7 m obtained from logs. The nugget effect is significantly lower in the field
data (21% of the variance versus 49%). In addition, the median third-order cumulant
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Fig. 12 (Color online) (a) Examples of training images (portion of the map of clayey depositional envi-
ronments) used to compute multiple-point statistics and (b) realizations of the two-dimensional horizontal
model of the Komadugu–Yobe alluvium (blue: clayey deposits; white: sandy deposits; red ellipses: exam-
ples of clayey patterns that may correspond to abandoned channel deposits; black rectangles: examples of
clayey patterns that may correspond to oxbow lake deposits)

Fig. 13 (Color online) Realizations of the three-dimensional model of the Komadugu–Yobe alluvium,
vertical sections, for different vertical search template radii: (a) 2 m; (b) 3 m; and (c) 6 m (blue: clayey
deposits; white: sandy deposits); a radius of 3 m (b) was the most suitable for this case study

maps computed from both the two-dimensional vertical cross sections of the three-
dimensional model and the Boolean cross sections show similar properties (Fig. 14),
in particular a stabilization of the cumulant value over a length of 2 to 3 m along
the Oz axis and between 200 and 400 m along the Ox axis. The properties of the
two-dimensional horizontal simulations are preserved in the three-dimensional sim-
ulations as it will be seen in Section 5.2.
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Fig. 14 Median third-order standard normal cumulant map computed (a) from 10 realizations of the
two-dimensional vertical Boolean model and (b) from 10 two-dimensional vertical cross sections of the
three-dimensional model

5.4 Discussion of the Three-Dimensional Model

The three-dimensional modeling approach preserves the main statistical properties
of the Komadugu–Yobe alluvium. In particular, at the scale of 4 km × 4 km, the
heterogeneity features appear to be reproduced with appropriate correlation lengths.
However, some remarks are important for future applications of the model. Both
the relative high nugget effect on variograms and the poorly-defined object out-
lines indicate the introduction of noise during the simulation procedure. This noise
might result in quite different flow properties and its influence needs to be as-
sessed, for instance, by using the two-dimensional vertical cross sections simulated
by means of Boolean method for which the nugget effect is more consistent with log
data.

Although the study focused on a limited area near the town of Diffa, the quasi-
stationary shortest spatial structure correlation lengths along the valley indicate that
this model may be applicable to the whole meander belt of the river, provided that
the clay–sand proportion is adjusted. This adjustment could take advantage of auxil-
iary constraints derived, for instance, from exploration geophysics data (Chugunova
and Hu 2008). Due to high sinuosity of the river and frequent channel avulsions, the
clayey bodies within the alluvium can be reasonably assumed to be randomly ori-
ented. Therefore, a set of realizations corresponding to different randomly selected
training images could be considered. Nevertheless, locally, the map of the present-
day clayey environments reveals specific orientations of the oxbow-lakes. For such
areas, a deterministic selection of the training images could be performed. The influ-
ence of the large spatial structures responsible for the increase of variogram values
for long lag distances on the map of the present-day clayey environments is miss-
ing from the simulations. This may be due to the fact that these structures do not
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constitute a repetitive event in the training images as suggested by Feyen and Caers
(2006). Therefore, the model is only suitable for studying processes occurring within
the meander belt.

6 Conclusions

Facies modeling is often a crucial step in understanding flow and solute transport
processes in vadose zones and aquifers. To this end, multiple-point statistics algo-
rithms are efficient tools for media with complex heterogeneity patterns. Yet three-
dimensional modeling generally requires three-dimensional training images of the
medium whereas the most suitable images are often two-dimensional sections. In
this paper, a method is proposed that allows three-dimensional simulations based on
a set of two-dimensional images. To compute multiple-point statistics, a training im-
age composed of a superposition of identical horizontal layers is scanned and the
vertical exploration radius is adjusted in order to take into account the variability
along the vertical direction. For the Komadugu–Yobe alluvium case study, the re-
sulting three-dimensional model satisfactorily reproduces the second order statistics
of heterogeneities in both the horizontal and vertical planes as well as the related
geometrical features.

In addition, remote sensing survey is shown to provide valuable information for the
development of geostatistical models, particularly the generation of training images.
Indeed, while available field measurements usually only provide sketchy information
on the arrangement of sedimentary material, Landsat data turns out to be suitable to
characterize (i) spatial structures and spatial distribution of objects responsible for
facies heterogeneities on the soil surface of the Komadugu–Yobe valley; and (ii) spa-
tial evolution of the heterogeneity features related to the dynamic of the depositional
system. The next steps will consist in modeling the hydraulic conductivity distribu-
tions for both clayey and sandy facies and in simulating percolation and pollutant
transport through the vadose zone of the Komadugu–Yobe valley. One advantage of
the proposed method is to account for geological uncertainties by computing a set of
equiprobable three-dimensional realizations.
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